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We present theoretical investigations of the ultrafast relaxation dynamics and the excitation-induced dephas-
ing of excitonic polarization in single-walled carbon nanotubes. Our microscopic approach is based on the
density-matrix theory combined with tight-binding wave functions allowing the calculation of tubes with
arbitrary diameter and chiral angle. For excitations to the single-particle continuum, the initial nonequilibrium
carrier distribution is thermalized within approximately 100 fs while the polarization adiabatically follows the
excitation pulse. For excitations at the excitonic resonance, we find a dephasing of the excitonic polarization on
a picosecond time scale depending on the excitation strength. With increasing field intensities, the dephasing
time linearly decreases, which is in agreement with recent experiments.

DOI: 10.1103/PhysRevB.80.085405 PACS number�s�: 73.22.�f, 78.47.J�, 78.67.Ch, 42.65.�k

I. INTRODUCTION

During the last years, the electronic and optical properties
of single-walled carbon nanotubes �CNTs� have been studied
intensively due to their promising potential applications in
various areas.1,2 Recently, also nonlinear and ultrafast optical
properties of CNTs became accessible in experimental
studies.3,4 In particular, pump-probe and four-wave mixing
experiments allow the determination of intrinsic lifetimes
and related scattering mechanisms in these quasi-one-
dimensional structures. The theoretical understanding and
modeling of these phenomena has been limited to very few
calculations so far.5–7 In this work, we present an approach,
which combines the density-matrix theory for investigating
the dynamics with the tight-binding approximation for calcu-
lating the band structure of CNTs.8 It allows the investigation
of both linear and nonlinear response to optical pulses taking
into account many-particle interactions. This way, CNTs of
different diameter and chirality can be analyzed within ac-
ceptable computation time. To describe ultrafast carrier re-
laxation a mean-field theory is not sufficient. Hence, the
Hartree-Fock description presented in Ref. 8 must be ex-
tended to be able to include carrier-carrier interaction for
intraband equilibration of optically detected carriers as well
as the dephasing of the optically induced polarization.7 The
aim of this work is a comprehensive microscopic description
of the ultrafast relaxation and the optical dephasing in CNTs
by analyzing the influence of the carrier-carrier Coulomb in-
teraction on these processes. To accurately describe carrier
dynamics on very short-time scales below 100 fs a non-
Markovian theory is necessary.9 Therefore, a correlation
expansion10 was performed to account for carrier-carrier-
interaction-induced memory effects, which act on short-time
scales in the femtosecond regime. Here, we improve the
model for the intraband relaxation presented in Ref. 7 to
include both valence and conduction bands. The novel two-
band calculations support the intrasubband carrier relaxation
on a time scale of hundreds of femtoseconds previously ob-
tained from the one-band calculations but also provide a de-
tailed understanding of excitation-induced dephasing of the
optical polarization. Excitonic effects shown to be of crucial
importance for CNTs �Refs. 11 and 12� are fully taken into

account. In particular, excitation-induced dephasing of the
excitonic polarization occurs on a picosecond time scale de-
pending on the carrier densities.

II. DENSITY MATRIX THEORY FOR CNTS

Our theoretical approach presented in Ref. 7 is extended
to include excitons and to account for the optical excitation
of carriers. Two bands, the conduction band �=c and the
valence band �=v are considered. The Hamilton operator
H=Hf +HC of the system consists of a free contribution Hf
and a many-particle Coulomb interaction part HC. Hf in-
cludes the single-particle band structure, i.e., the interaction
of the electrons with the CNT lattice potential and with the
external light field. The field is described by a linearly polar-
ized vector potential parallel to the CNT axis having a
Gaussian pulse envelope in temporal domain. As a result, the
field can be described by the scalar A�t�=A0�t��ei�Lt+e−i�Lt�
with the pulse envelope A0�t�=A0e−t2/2�2

. Within the formal-
ism of the second quantization, single and many-particle op-
erators can be written in terms of the creation a�k

† and anni-
hilation operators a�k. These create �destroy� single-particle
states ��k� with band � and linear momentum �k. These
single-particle states are treated within the tight-binding
approximation.8,13 The subband index for the conduction and
valence bands is omitted throughout this work since we fo-
cus the description on a two-band model for CNTs. This is a
well-defined approximation since we restrict the treatment to
excitation energies ��L near the lowest resonance E11. The
free part of the Hamilton operator finally reads

Hf = �
�=v,c

�
k

Ek
�a�k

† a�k −
�

i
�

k

�kavk
† ack + c.c. �1�

Here, E��k� is the single-particle tight-binding energy7,8 and
�k is the Rabi frequency �k=

e0

m0
Mk

vcA�t�. m0 is the free-
electron mass, e0 is the electron charge, and Mk

vc

= �vk�� �ck� are the optical matrix elements.14,15 The second
part of the Hamilton operator HC describes the Coulomb
interaction of the carriers in CNT

PHYSICAL REVIEW B 80, 085405 �2009�

1098-0121/2009/80�8�/085405�5� ©2009 The American Physical Society085405-1

http://dx.doi.org/10.1103/PhysRevB.80.085405


HC =
1

2 �
�1,. . .,�4

�
k,q,k�

V�k,q,k��
�1�2�3�4a�1k+q

† a�2k�
† a�4k�+qa�3k �2�

with Coulomb matrix elements V�k,q,k��
�1�2�3�4 ���1k

+q���2k��V�r−r����3k���4k�+q� and the regularized Cou-
lomb potential8 V�r−r��. Throughout this work, quantities
with four indices such as the Coulomb matrix elements of

the correlations are abbreviated as X�k,q,k��
�1�2�3�4 =X�3k,�4k�+q

�1k+q,�2k�.
The core of the density-matrix approach is to determine

the dynamics of the one-particle density matrix. For a spa-
tially homogeneous carrier system the elements of the one-
particle density matrix f12��a1

†a2� �quantum numbers
1 , . . . ,4 are generic� are the microscopic polarization pk�t�
��avk

† ack� and the electron populations nk
��t���a�k

† a�k�. pk�t�
describes the transition between the valence and the conduc-
tion bands at the wave number k. Figure 1�a� illustrates the
two-band CNT model. Via the Heisenberg equation of mo-

tion �Ȯ�= i
� ��H ,O	� we can determine the dynamics of the

respective microscopic quantities. The expectation value is
obtained from the density matrix � : �O�=Tr
O��. In this
way, one obtains equations of motion �EOM� for electronic
occupations nk

c and nk
v and for the microscopic polarization

pk. The Coulomb contribution, however, couples the one-
particle density matrix �singlets� to two-particle density ma-
trices �doublets� S34

12��a1
†a2

†a3a4�. This coupling to higher or-
der density matrices is a result of Coulomb interaction being
a many-particle interaction.16 It introduces additional dy-
namic variables to the system of equations that have to be
determined. The dynamics of the doublets S34

12 couples to
three-particle quantities Q456

123��a1
+a2

+a3
+a4a5a6�. This is the

start of an infinite hierarchy of equations of motion that has
to be truncated in a defined way. A systematic way to per-
form this truncation is the correlation expansion. In this ap-
proach, the two-particle density matrix S34

12 is split up into a
mean field and a correlation contribution C34

12:S34
12= f14f23

− f13f24+C34
12, similar equations are valid for Q456

123. In this way
the correlations are a measure of the deviations from the
mean-field description. They can be divided into coherent
and incoherent correlations depending on their decay times17

�see below�. On the level of the two-particle correlation we
truncate the hierarchy of EOM and neglect the three-particle
correlations. Next we discuss the details of the EOM for �a�
the polarization pk�t�, �b� the occupation nk

��t�, and �c� the
correlations C34

12.
(a) Polarization dynamics. The dynamics of the optical

polarization pk�t� is driven by the coherent classical field, the
Hartree-Fock contributions, and the coherent correlations
ṗk �co that lead to effects such as excitation-induced
dephasing17 of the polarization. In rotating wave
approximation,8 we have

ṗk = i��L − �̃k
cv�pk − �̃k�t��nk

v − nk
c� + ṗk�co �3�

with �̃k
cv= �Ẽk

c− Ẽk
v� /� being the renormalized band gap. The

renormalization of the electronic dispersion arises from the

Hartree-Fock contributions of the Coulomb interaction Ẽk
�

=Ek
�−���,qV�k,q,k�

������nk+q
�� and causes strong shifts and modifica-

tion of the CNT single-particle band dispersion. �̃�t� is the
renormalized Rabi frequency

�̃k =
e0

m
Mk

vcA0�t� −
i

�
�
q�0

V�k,q,k�
vcvc pk+q. �4�

The renormalization of the external field A0�t� is caused by
excitonic Hartree-Fock contributions. This renormalization
leads to excitonic resonances of the system.8 The third term
in Eq. �3� is the correlation contribution to the polarization
dynamics. It couples the microscopic polarization pk�t� to the
coherent doublet correlations C�k,q,k��

�1�2�3�4,

ṗk�co =
i

�
�
q,k�

�V�k�,q,k�
cccc C�k�,q,k�

cvcc + V�k�,q,k�
vcvc C�k�,q,k�

vvvc

+ V�k�,q,k�
vccv C�k+q,−q,k�+q�

vvvc − V�k,q,k��
vcvc C�k�+q,−q,k+q�

cvcc

− V�k,q,k��
cvvc C�k,q,k��

cvcc − V�k,q,k��
vvvv C�k�+q,−q,k+q�

vvvc 	 . �5�

(b) Occupation density dynamics. The dynamics of the
conduction-band and valence-band electron densities nk

c and
nk

v are determined by the exciting pulse and �in contrast to
the coherence pk� by incoherent correlations ṅk

� �co,

ṅk
c = 2 Re
�̃k

��t�pk�t�� + ṅk
��co. �6�

The last term in Eq. �6� ṅk
� �co describes the coupling of the

occupation densities to the two-particle density matrix

ṅk
��co =

2

�
Im��

k�,q

V�k,q,k��
cccc C�k,q,k��

cccc + V�k,q,k��
cvcv C�k,q,k��

cvcv

+ V�k,q,k��
vccv C�k,q,k��

vccv  . �7�

Within the present tight-binding approximation of the single-
particle band structure �neglecting overlaps integrals s0 be-
tween nearest neighbors� valence and conduction bands are
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FIG. 1. �Color online� �a� Schematic illustration of microscopic
polarization pk�t� and occupation densities nk

c�t� and nk
c�t� �b� ab-

sorption spectrum of a �11,6� CNT �logarithmic scale�. The lowest
excitonic resonance at E=E11=0.94 eV is followed by higher ex-
citonic resonances and the single-particle continuum at E−E11

=1.04 eV�arrow�. Hence, an excitation at ��L=2.01 eV corre-
sponds to an excess energy of 24 meV above the renormalized band
edge.
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symmetric ��k
c=−�k

v� and the corresponding dynamics of the
valence-band densities can be obtained via ṅk

c=−ṅk
v. As

shown later �Sec. III� the dynamics of the correlations ap-
pearing in Eq. �6� describes the redistribution of carriers
within the subbands via Coulomb scattering. The dynamics
of the correlations appearing in Eqs. �3� and �6� are obtained
from the correlation expansion.

(c) Correlation dynamics. The dynamics of the doublet
correlations C34

12 �cp. Eqs. �3� and �6�	 is driven by the single-
particle scattering contributions treated equivalently to a
second-order Born description. However, since one keeps the
full time dynamics without applying a Markovian approxi-
mation, they contain the memory of the many-particle inter-
action. Additional electron-light coupling terms in the corre-
lation dynamics are neglected since they are of higher order
in the field than the correlations itself. We performed calcu-
lations including these terms to verify this argument showing
no significant difference. As an example, we present the dy-
namics of the incoherent carrier-carrier correlation C�k,q,k��

cccc

and the coherent electron-assisted polarization C�k,q,k��
cvcc . The

dynamics of all other correlations can be obtained by sym-
metry arguments.17 The incoherent correlations are driven by
singlet contributions even when no polarizations are present
in the system �incoherent regime�. The carrier-carrier corre-
lation C�k,q,k��

cccc describes the scattering between carriers in the
conduction band,

�

i
Ċ�k,q,k��

cccc = ���k+q
c + �k�

c − �k
c − �k�+q

c �C�k,q,k��
cccc − W�k�,q,k�

vcvc

���nk�
c − nk�+q

c �pkpk+q
� + �nk+q

c − nk
c�pk�+qpk�

� 	

− W�k�,q,k�
vccv ��nk�

c − nk
c�pk�+qpk+q

� + �nk+q
c

− nk�+q
c �pkpk�

� 	 − W�k�,q,k�
cccc ��1 − nk+q

c − nk�
c �nk

cnk�+q
c

− �1 − nk
c − nk�+q

c �nk+q
c nk�

c 	 , �8�

where W�k�,q,k�
�1�2�3�4 =V�k�,q,k�

�1�2�3�4 −V�k�,k−k�,k�+q�
�2�1�3�4 . In contrast to the

incoherent correlation, the coherent correlations are only
driven as long as the polarizations pk�t� have not been de-
cayed. In the fully incoherent limit they are not driven via
singlet contributions,

�

i
Ċ�k,q,k��

cvcc = ���k+q
c + �k�

v − �k
c − �k�+q

c + �L�C�k,q,k��
cvcc

− W�k�,q,k�
vcvc �nk+q

c nk�
v pk�+q + pk�pkpk+q

� + �1 − nk+q
c

− nk�
v �nk

cpk�+q	 − W�k�,q,k�
vccv �nk+q

c nk�
v pk + pk�pk�+qpk+q

�

+ �1 − nk+q
c − nk�

v �nk�+q
c pk	 + W�k�,q,k�

cccc �nk
cnk�+q

c pk�

+ pkpk�+qpk+q
� + �1 − nk

c − nk�+q
c �nk+q

c pk�	 . �9�

III. RELAXATION DYNAMICS

Evaluating the equations of motion for the microscopic
polarization pk�t� in the linear optical regime8 one obtains the

linear absorption, see Fig. 1�b�. The excitonic resonance at
E11=0.94 eV and the renormalized band edge at 1.99 eV
characterize the system. Here, we show the results for an
exemplary chiral tube, namely �11,6� CNT. The numerical
evaluation of Eqs. �3� and �6� beyond the linear regime
yields insight into the intrasubband relaxation dynamics as
well as into the optical dephasing.

First, we present a calculation of the intrasubband relax-
ation for excitation above the renormalized band edge, i.e.,
carriers are excited to the single-particle continuum depicted
in Fig. 1�b�. In Fig. 2, the carrier dynamics is shown as a
function of wave number and time after the peak of input
pulse at t=0 for A0=0.13 eV fs

e0·nm and �=28 fs�. The excitation
is energetically located at ��L=2.01 eV �corresponding to
an excess energy of 24 meV� far above the excitonic reso-
nance at 0.942 eV. This pulse excites a collection of single-
particle states with maximum occupation density at around
k� �0.5 /nm �t=0�. Later on �t	0� oscillations of the elec-
tron plasma set in with a period of around 16 fs. They are a
result of the non-Markovian dynamics. The carriers equili-
brate into a Fermi-type distribution within approximately

100 fs. For these excitation conditions the total polariza-
tion P�t�= 1

L�kpk adiabatically follows the pulse with a delay
of about 5 fs �Fig. 3�. This behavior occurs due to the con-
tinuum excitation, where rapid interference of single-particle
states and carrier-scattering-induced dephasing slaves the po-
larization to the field dynamics. In contrast to the rapidly
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FIG. 2. �Color online� Carrier dynamics nk
c�t� for excitation lo-

cated above the renormalized band edge. The carriers relax from
their initial nonequilibrium distribution into a Fermi-type distribu-
tion after around 100 fs.
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vanishing polarization, the carriers remain in the system �cp.
Fig. 2�. In a more detailed theory, valid on a picosecond to
nanosecond times scale, the occupations relax back to the
valence band, e.g., via radiative decay not included in this
model.

Second, we focus on excitation at the exciton resonance.
The corresponding carrier dynamics nk

c�t� is shown in Fig. 4.
Note that the carrier occupation is one order of magnitude
higher than in the on-resonant case, which can be ascribed to
the much stronger excitonic oscillator strength. At these ex-
citation conditions, excitonic correlated states are excited.
Therefore, one does not observe comparable plasmonic os-
cillations comparable to the band-edge excitation in Fig. 2.
For strong enough excitation, the carrier occupations and po-
larizations induce the interference of different correlations
that lead to a dephasing of the excitonic polarization in de-
pendence of the number of scattering carriers, which are op-
tically excited. This effect is called polarization-induced
dephasing.17,18 To discuss this effect for CNTs, we have done
calculations for resonant excitation at the excitonic reso-
nance ��11,6� CNT, �=0, and �=28 fs	 for different ampli-
tudes A0=0.015 eV fs

e0·nm up to A0=0.025 eV fs
e0·nm to examine the in-

fluence of excitation on the optical dephasing at the excitonic
resonance.19

Figure 5 shows the polarization dynamics �P�t��2 for dif-
ferent amplitudes of the pulse A0. In contrast to excitation at
the band edge, the polarization does not adiabatically follow
the optical pulse. This is due to the excitation of a bound
state �exciton� below the carriers continuum, thus suppress-
ing simple single-particle interference effects. With larger
pulse amplitudes, the induced polarization is increased and at
the same time the dephasing rate �polarization decay� is lin-
early increased. This behavior is a consequence of the larger
occupation densities for stronger field amplitudes leading to
more scattering partners in the conduction band. As a result,
the dephasing of the excitonic polarization is accelerated.
This trend is consistent with recent experimental findings.4

For the excitation conditions considered here, an excitation-

dependent dephasing of the polarization on a picosecond
time scale is found.

IV. CONCLUSIONS

In summary, we have developed a two-band model com-
bining density-matrix theory and tight-binding wave func-
tions to describe ultrafast phenomena in arbitrary single-wall
carbon nanotubes. We have demonstrated the ability of the
approach to describe Coulomb quantum kinetics and
excitation-induced dephasing on an ultrashort time scale. In-
cluding the many-particle Coulomb interaction beyond the
Markov approximation allows the description of memory ef-
fects that are important on the femtosecond time scale. We
have done exemplary calculations for the �11,6� single-wall
carbon nanotube, however, the approach can be applied for
tubes with arbitrary chiral angle and diameter �within the
restriction of the tight-binding model�. One obtains an ul-
trafast carrier relaxation on a femtosecond time scale, when
the CNT is excited by an ultrashort pump pulse. For excita-
tion at the excitonic resonance, we find an excitation-induced
dephasing of the total polarization on a picosecond time
scale. With increasing excitation intensity the Coulomb-
scattering-induced dephasing increases. This trend is in line
with recent experimental findings.4 To further improve the
theory, excitonic like Coulomb correlation contributions as
well as electron-phonon �polaron� interaction can be in-
cluded similar to Refs. 6, 16, and 20–23.
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